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Experimental Investigation of Straight and Curved
Annular Wall Jets

L. C. Rodman,* N. J. Wood,t and L. Robertsi
Stanford University, Stanford, California

Accurate turbulence measurements taken in wall jet flows are difficult to obtain, due to high-intensity
turbulence and problems in achieving two-dimensionality. The problem is compounded when streamwise
curvature of the flow is introduced, due to higher jet entrainment and turbulence levels. In this experiment,
two-dimensional straight and curved wall jet flows were simulated by having a jet blow axially over a cylinder.
Although the wall jet in these cases is annular, adequate ‘‘two-dimensional’’ flow can be obtained as long as the
ratio of the jet width to the cylinder radius is small. With an annular wall jet, three-dimensional effects are
caused by the finite length of the slot and sidewall interference are eliminated. Hot-wire measurements are
presented for straight and curved wall jets, and an integral analysis is used to assess the effects of transverse
curvature on the flowfield. The analysis and the data show that the effects of transverse curvature on both the
mean flow and turbulent shear stress are small in the upstream portions of the wall jet, and two-dimensional
flow is satisfactorily approximated. However, transverse curvature effects increase. A criterion is established to
delineate the region of validity and to aid in designing future annular models.

Nomenclature
a = constant in eddy viscosity equation
b = wall jet half-width, position where U = U,,/2
C; = skin-friction coefficient
¥i = self-similar velocity profile function U/U,,
h = jet slot height
h = r/ry in integral momentum analysis
K = planar wall jet growth rate

M (x) = jet momentum as a function of downstream
coordinate x

M, = jet momentum issuing from slot

n = constant in velocity profile

r = radial coordinate in axisymmetric flow,
r=ry+y cos¢

7o = radial coordinate describing the surface of
axisymmetric model

R = local streamwise radius of curvature

u,v = streamwise, normal velocity component

U = mean streamwise velocity component

U, = jet exit velocity

U, = maximum mean streamwise velocity at a given x

u’? = time mean square of fluctuating ¥ component

u’v’ = turbulent shear stress

v’? = time mean square of fluctuating v component
X = jet virtual origin

x,y = streamwise, normal coordinates

£ = normalized coordinate, = y/b

¢, = position of the maximum velocity

€ = eddy viscosity
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constant in velocity profile
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= shear stress, = udu/dy —puv’

= angular position along circular arc
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Introduction

WALL jet is a thin jet of fluid blown tangentially along

a wall, where the surrounding fluid may be either at rest
or coflowing. The wall jet resembles half of a free jet with a
wall boundary layer imposed, and in most practical applica-
tions the wall jet will be fully turbulent. The adjacent wall may
be either straight or have streamwise curvature.

One of the most interesting and useful features of the wall
jet is the Coanda effect, whereby the jet remains strongly
attached to a convex surface. Curved wall jets also display an
increase in their mixing with the surrounding fluid compared
with straight wall jets. These two properties (wall attachment
and increased mixing) enable the wall jet to delay separation of
an external stream from a curved surface. Accordingly, curved
wall jets have the most use in aeronautical applications, where
blowing is used to delay separation from the upper surface of
an airfoil.

Many experiments have been performed to study the turbu-
lence structure of two-dimensional wall jets and, since wall jets
display characteristics of both free shear flows and wall-
bounded flows, they are an interesting test case for turbulence
models. In particular, the location of the zero mean velocity
gradient does not correspond to the location of zero turbulent
shear stress, thus standard mixing length models do not accu-
rately predict the shear profile of a wall jet. Wall jets over
straight walls achieve some degree of self-similarity, which
may simplify their calculation. If the wall is curved, however,
similarity will only occur if the ratio of the streamwise coordi-
nate to the radius of curvature remains constant, i.e., for a
logarithmic spiral.

Accurate measurements have been difficult to obtain in wall
jet flows, due to high-intensity turbulence and the complexity
of achieving satisfactory two-dimensional flow. If the span of
the slot is finite, vorticity is created at the slot ends, which
propagates toward the centerline, producing three-dimen-
sional effects. The problem is compounded when streamwise
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Fig. 1 Annular wall jet models.

curvature of the flow is introduced, since the jet entrainment
and turbulence levels are greatly increased over the equivalent
planar values. Nonuniformity of the slot along the span also
has been shown to decrease the flow quality. To reduce three-
dimensional effects, the jet slot should have a very large aspect
ratio, yet most practical experiments have been constrained by
physical size or volume flow limitations. To date, most of the
measurements published have been affected by inadequate
two-dimensionality, as assessed by momentum conservation
techniques.!

The objective of the present work was to obtain a set of
detailed turbulence measurements in straight and curved wall
jets in still air and to achieve a flow quality as close to two-di-
mensional as possible. To reduce three-dimensional effects, an
annular wall jet model was developed, with the jet blown
axially along the outside of a body of revolution (Fig. 1). The
ratio of the jet slot height 4 to the cylinder radius was small
(0.6%), so that transverse curvature effects were expected to
be negligible. The thin annular jet around the body of revolu-
tion eliminated and effects, and the slot was easier to produce
accurately and uniformly compared to a more conventional
rectangular slot.

With the addition of streamwise curvature to a cylindrical
model, the flow becomes more complex since the annular ra-
dius is no longer constant. An integral momentum technique
was developed to predict the effects of transverse curvature on
the wall jet, and the results for the annular curved wall jet were
compared with those for the two-dimensional curved wall jet.

Description of Experiment

The annular wall jet model was designed so that transverse
curvature effects were minimized. The model consisted of two
cylinders (Fig. 1). The larger, outer cylinder housed the
plenum chamber and formed the slot lip of the nozzle. The
volume of the chamber was large enough for the flow to settle
and to remove circumferential nonuniformities. The slightly
smaller, inner cylinder formed the wall for the jet. Three wall
cylinders were constructed and were easily interchangeable.
Both cylinders were independently supported by a central
tube, which eliminated any need for a suport structure within
the contraction and allowed a cleaner exit flow.

One of the three walls developed for this experiment was
straight, and the other two were curved. The straight wall was
a cylinder with a radius of approximately 20 c¢cm. The slot
height was 1.3 mm, and the slot lip was 0.25 mm thick at the
edge. The wall extended 23 cm downstream, or approximately
180 slot heights. With a jet exit velocity of 100 m/s, the
Reynolds number based on slot height was 9000.

Both of the curved walls had a constant radius of curvature
in the streamwise direction, making them circular arcs. One of
the walls was mildly curved, with a slot height: radius of cur-
vature ratio #/R of 0.0031. The ratio was chosen to match that
of a previously published two-dimensional wall jet experi-
ment.> The other wall had a much stronger curvature, with
#/R = 0.0290. The walis curved in toward the center, so that
the cylinder radius decreased with downstream distance. The
cylinder radius at the slot was the same for all three walls.

Measurements in the flow were made using cross-wire
anemometry. A digital calibration of the hot-wire signals was
made using a King’s law curve fit; a complete description of
this technique is given in Ref. 3. Profiles of the mean velocity
and the turbulence quantities were taken at various down-
stream stations. The turbulence quantities measured were the
three Reynolds stress components u# 2, v'2, and 4’0", as as
well as selected triple components. The mean flow and shear
stress measurements will be discussed in this paper. Presenta-
tion of the other measured turbulence quantities and a com-
plete description of the experimental apparatus may be found
in Ref. 3.

Results

Mean Flow Results

Pitot tube measurements taken along the circumference of
all three models showed good flow uniformity and ‘‘two-di-
mensionality’’ along the jet span. Both a two-dimensional and
an axisymmetric momentum equation check were used to as-
sess two-dimensionality in the straight wall jet.! In a two-di-
mensional flow, loss of streamwise momentum should be
small since it is due only to skin friction. Thus, the ratio of jet
momentum M (x) relative to the slot momentum M, is for a
two-dimensional flow

M(x U\ b | =/ U
O (%) 2\ (L) g M)
M, U/ h)o\Up
and for an axisymmetric flow
Mx) (U \Nb{=r/UY
M, _<U,~> h S0’0<Um> a4 @

where r is the annular radial coordinate, ry the surface of the
model, b the jet half-width, U, the local maximum velocity,
and £ the normal distance from the wall normalized by the jet
half-width. In two-dimensional flow along a frictionless wall,
M(x)/M, = 1 for all x. In actuality, the ratio decreases slowly
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with distance downstream. For this flow using (1), the momen-
tum ratio ranged from 0.89 to 0.76 and with Eq. (2) from 0.90
to 0.77. The difference was less than 3% between the two
calculations, and they both showed adequate conservation of
momentum in the streamwise direction.

The two-dimensional straight wall jet is a self-similar flow,
and the profiles in Fig. 2 indicated that the annular straight
wall jet was also self-similar. The dotted line shows a two-di-
mensional velocity profile from Ref. 4, which is representative
of previous straight wall jet experiments. There was virtually
no difference between the current annular profiles and the
previous two-dimensional profiles.

Curved wall jets are self-similar only if the ratio of the wall
radius of curvature is proportional to the distance down-
stream, as with a logarithmic spiral. Although wall jets over
circular arcs (constant radius of curvature) are not strictly
self-similar, the mean flow changes slowly enough down-
stream that the self-similar approximation is valid. The mildly
curved wall jet had velocity profiles that were identical to the
straight wall case. Only for the highly curved wall jet (Fig. 3)
could any variation in the velocity profiles be seen with down-
stream distance, but the change was still slight. Figure 3 also
shows a comparison with the data for the straight wall jet
model. The highly curved velocity profile had a slightly fuller
profile above the velocity maximum. This difference was seen
in two-dimensional wall jets as well.* ,

Figure 4 shows the straight annular wall jet growth rate
plotted with two-dimensional data from previous researchers.
Except for a shift in the virtual origin that varies from exper-
iment to experiment, the annular jet grew at the same rate as
previously measured rectangular jets, with a linecar growth
rate! equal to 0.073. Similar plots of the jet growth rates for
curved wall jets are shown in Fig. 5. Curved wall jets display
enhanced mixing relative to straight wall jets, and this is shown
by the increased growth rates of these jets. As the curvature of
the jet increases, the growth rate also increases. Correspond-
ingly, the decay rate of the maximum velocity increases as well.
The annular data showed the same trends as previous two-di-
mensional results.

Turbulence Results

The turbulence quantities of interest in wall jet flows are the
Reynolds stresses, in particular the shear stress #v’ /U3.
These stresses are normalized by the local mean maximum
velocity. Although the normal stresses # '2/U% and v'2/U?
are also of interest, the shear stress is the term that needs to be
modeled in a calculation scheme.

Figure 6 shows the Reynolds shear stress profiles as they
changed downstream for the annular straight wall jet. The
profiles were nearly self-similar with downstream distance,
with only a slight growth seen. Figure 6 also shows a band-
width indicating previous results.! The profile shapes agreed
with previous two-dimensional data; however, the peak shear
stress in the present experiment was lower than the peak shear
obtained by previous researchers.

Reynolds stress profiles for the curved wall jets are shown in
Figs. 7 and 8. These plots demonstrated that the 'degree of
self-similarity of the normalized turbulent quantities decreased
as the streamwise curvature increased. The results for the
mildly curved wall jet were similar to those of the straight wall,
although a slightly higher growth of the peak intensities could
be seen. In the highly curved wall jet, this growth was more
clearly indicated, showing that, although the mean flow was
close to self-similar, the turbulence field was not.

The results of the experimental investigation have shown the
effects of streamwise curvature on the mean and turbulent wall
jet flowfield, and these effects are summarized here. The mean
velocity profiles were found to be invariant with downstream
location for both the straight and curved wall jets, although
the highly curved jet profile was slightly fuller near the velocity
maximum. Curvature strongly affected the growth rate of the
jet half-width, causing it to increase with higher curvature.
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Fig. 6 Shear stress profiles in the straight annular wall jet (cross-wire
measurements).

There did not seem to be an appreciable difference between the
annular mean flow data and data from previous rectangular
experiments.

The Reynolds stress profiles showed self-similarity in the
straight wall jet, but the turbulence quantities were increased
relative to the mean flow in the curved jets. This same trend
was seen for all three Reynolds stresses. The Reynolds stress
profiles taken in the annular models followed trends similar to
previous data taken in rectangular models. The one exception
was the magnitude of the peak shear stress, which was slightly
lower in the annular experiment.

Analysis
An integral analysis was developed to predict the effects of
transverse curvature on the mean flow and turbulent shear
stress in curved wall jets. The analysis was originally developed
for two-dimensional curved wall jets’ and was extended to the
axisymmetric case of a wall jet over a curved body of revolu-
tion.

Integral methods are used in flows for which a self-similar
velocity profile may be assumed. Since the normalized velocity
profile can be expressed easily in functional form, the momen-
tum equation may be integrated directly to obtain the shear
stress. For wall jets, the self-similar velocity profile is obtained
by normalizing the velocities and lengths by the local maxi-
mum velocity U,,(x) and the local jet half-width b(x), respec-
tively. Thus, it is necessary to solve for the downstream devel-
opment of both U,, and b in order to completely determine the
mean velocity field in the flow. Two equations were found in
terms of the jet growth rate db/dx and the rate of change of
the momentum flux d(bU2)/dx. A marching scheme was used
to solve these differential equations along the streamwise di-
rection, thus allowing the solution of U,,, b, and the shear
stress profile to be found at each x location.

The thin shear layer equations of motion for a wall jet over
a body of revolution were used. The differential form of these
equations was

a(ru) + a(rv) _

. 0
Mass ax ay @
Su du 1aop 1 a@7)
: ou =2, 72U 4
X momentum “ox T Vo pax pr ay @
u* 19p
Yy momentum: R~ o dy ©)

In this notation, x and y are curvilinear coordinates that follow
the wall and r is the distance to the axis of revolution (Fig. 9),

r(x,y) = ro(x) +y cosé(x) (6)
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Fig. 7 Shear stress profiles in the mildly curved annular wall jet
(cross-wire measurements).
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Note that neither the slope of the surface nor the angle ¢ need
to be small for this analysis. For a straight wall, ry is constant,
and ¢ is everywhere equal to zero, so r is a function of y only.
If then the jet is thin compared to the radius of the cylinder,
d(r/rg)/dy is approximately zero, and the equations reduce to
the two-dimensional plane equations. For curved flows, R is
the local streamwise radius of curvature, as in the two-dimen-
sional equations. In the following analysis, r was retained as a
function of x and y, and R was an arbitrary function of x. By
letting # = r/ry and combining u times Eq. (3) and r times Eq.
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(4), the integral momentum equation also can be written (with
'’ the variable of integration for clarity) as

oo 2 S [ h
Slmdy'“LS a(hu,v)dy,zﬁ ki
¥y y

yro dx dy o Ox
\ j Lag) -
yp 9y’

In order to take advantage of the self-similar profile
U/U,, = f(£), where f(£) vanishes at £ = 0 and is assumed to
decay exponentially as £ goes to infinity, a new coordinate
system (x, £) was used where £ = y/b(x), with the transfor-

mation
da_9 (£ydbo
dx ~ax \b/dx ot

i_<l>i
dy ~ \b/ot

Then, the substitution of the mean velocity profile and Eq. (6)
into Eq. (7) and the assumption that the jet is thin compared
with both the streamwise and annular radii of curvature, so
terms arising from the pressure gradients of O(b/R)? and (b/
ro)? can be neglected, yielded the final equation for the shear
stress (with £’ the variable of integration for clarity):

qrﬁds'wj EfAE +Coa fj fdg’

T

+C4fgoz’fd£’+C5$S frdg = ropuz

®
where

bdn 1 dwU})
Iy dx U,%, dx

_ (1 d@Uy)  db b
= (g 52+ @)oo 7)

¢> b? dR
dx dex

(1 dUZ)  db b drg
C; = <U,%, dx + — e + 2

1) dx
b 1 1 dobUy)  3db
C=r °°S¢<2 Uz dax 2

b . do
~r—0sm¢ab

C1=

—-—lzbs1 ne —

_b I dppUz) b2 dR

Note that terms involving (dR /dx)(b/R)? were kept since the
axial growth of the mean flow, dU,/dx and db/dx, were
assumed to be small as well.

The two equations necessary to solve for the growth rate and
the rate of change of momentum flux were obtained by evalu-
ating Eq. (8) at £ = 0 and by evaluating the transformed Eq.
@att=§,.

The evaluation of Eq. (8) at £ = 0 yielded

1 d@U2) b dr
(vrdx— o)

1 &bUZ) db\b
+<COS¢—§><U2 (dx )+d—x>r—oc,,

n r() dR
R? dx

. de\b? 1
— Iy smd> a¢>r—02 C,, = —E Cf (9)
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where
= j 2 d
0
=
Cn = o Efz d‘E

The assumed self-similar velocity profile was given by the
following functions:

U _ £ l/n_ _E_ z/n_
T -

U E—Ew)
U, 0T

where £, is the position of the maximum velocity. The form of
these functions ensures that f(¢£,)=1 and f’(¢,) =0. The
first function gave the velocity profile for the inner region of
the jet. The power law form was suggested by the relation for
turbulent boundary layers. Typical values of the exponent n
for boundary layer flows were 6 or 7. The second relationship,
for the outer region of the flow, came directly from the solu-
tion for a turbulent two-dimensional free jet. Both of the
above functions have been written so that the maximum veloc-
ity occurred at £ = £,,.

By setting U/U,, = V4 at ¢ = 1, the constant k was found to
be 0.8814. Matching the second derivatives of the functions at
tE=¢, gave £, =1/(1 + nk)=0.159 when the value n =6
was used. This compares well with the experimental value of
0.16 suggested by Wilson and Goldstein.* Figure 10 shows the
assumed velocity profile, along with experimental data for the
straight wall jet. The two profiles agreed fairly well everywhere
except for a small region outer of the velocity maximum,
where the assumed profile was slightly fuller than the experi-
mental profile.

Assuming n was large and C,—0 (valid for large Reynolds
number flows) gave

. de) (2 —1\b2
—r051n¢a¢>< p “>;07=0 (11)
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The second equation for the mean flowfield was found by
evaluating Eq. (4) at £ = £,,,. This required the use of an ap-
proximation for the value of 7 at £,,. Using an eddy viscosity
approximation to be applied at £ = £, and setting

6 =
4x2

&) = E/Em)"l@ + (1 —a)s/Em)]

it was found that m =1—1/n and a = C; «/K in order to
satisfy the condition that the shear stress equals the skin fric-
tion at the wall. Assuming n was large and C;~0 gave the final
equation

db bn K b b
—dx—"[“m}*ﬁw”aﬁ
b2

4 b\ 1 dUZ) 4
1 —— — | _
+< 3KR>U,%, &x 3%RZ

dR
o (12)
where r,, is the radial distance to &,,.

For a circular arc in the streamwise direction, R = const and
Egs. (11) and (12) were simplified by substituting

do 1 _Xx
"R ®7R

ro(x) = ro(0) — R(1 — cos¢)

_1
9 _ _gine, "271_ 0503
ro . rf0)
cosp — R 1 R

The equations were now written

b\db b\ 1 dU2)  bdnf, b
<A’0>dx+<l+Aro>Ui dx rodx1+RC

a3

db (4 b 1 dOU2) bn
dx+<3KR_1>U,%, o KR (14

where C = C,/A, = (a2 — H)/x = 0.503 and A = C[1 — ry(0)/
R}.

For the simpler case of a plane axisymmetric wall jet or a
two-dimensional curved wall jet, the functions db/dx and
1/U% d(bU2)/dx were found to the leading approximation:

Axisymmetric plane

db b
d—x—K<1—C;)> (15)
1 dpU2) _ b
[ e (16)

Two-dimensional curved (R = const)

1 d(bUR)
1 - 17
U2 dx 0 an
or
UN b db nb
(U,%,)‘Z’ dx—K<1+KR> (18)
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The empirical constant K is the two-dimensional plane wall jet
growth rate and is taken to be equal to 0.073 as suggested by
previous research.!

Equation (14) reduced to the two-dimensional relation [Eq.
18)] if 1/U% d(bU%)/dx = 0. In both equations, the rate of
growth of the jet half-width had the same functional depen-
dence on b/R. For a straight wall (b/R = 0), the growth rate
was linear and equal to the constant K. The ratio n/x was
approximately equal to 7; thus, the curvature term dominated
the growth rate, even for small b/R. Equation (18) had an
exact solution for b:

b R« nx—=xghy\
E’hn[exp<Kx " R> 1]

which showed that curved wall jets grow at an exponential rate
compared with a linear growth for a straight wall jet.
Equation (13) contained all of the transverse curvature ef-
fects in the mean flow equations. The transverse curvature
appeared in the two quantities b/ry and dry/dx. As b/rg—0,
Eq. (13) would reduce to the two-dimensional case.
Equations (13) and (14) were put into matrix form and
solved for the two unknowns, db/dx and 1/U?% d(bU?)/dx.
The matrix equation was solved numerically by marching in
the downstream direction. With the lengths b and x normalized
by the slot height # and U2 normalized by the exit velocity
squared U,—Z, the starting conditions were taken to be

U2/UP =1  x/h=0

b/h =1 x/h=0 (19)

The effect of streamwise curvature on the growth rates was
clearly seen in both annular and two-dimensional flows (Fig.
11). The growth of the two-dimensional jet half-width was
highly dependent on the streamwise curvature, due to centrifu-
gal force effects on the mixing of the jet with the surrounding
fluid. The analytical results, shown for C; =0, agreed with
experimental results for both rectangular and annular flows.
Since the initial condition that b/h = 1 at the slot was fixed in
the analysis, it was expected that there might be some error in
the intercept of the growth curve. Each experiment had associ-
ated with it a unique virtual origin that determined the inter-
cept of its growth curve. The initial condition was chosen to be
a general case, although an experimental value may be used
instead. The initial condition also reflected the fact that the
analysis assumed self-similar flow from the slot.

For both the annular and two-dimensional straight wall jets,
the computed shear stress was self-similar. As streamwise cur-
vature was introduced, the peaks grew downstream at a rate
that increased as A/R increased. The computed peak shear
stress was about 70% higher than the measured shear stress in
the straight wall flow.
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The initial version of the computation was made assuming
the skin-friction coefficient was equal to zero. The overpredic-
tion of peak shear stress led to an investigation of the effects
of skin friction on the computational results. Since Cy is a
difficult quantity to measure, that measurement was not in-
cluded in this experiment. A constant value of C; based
on previous experiments was chosen for the purposes of the
analysis.

The shear stress equation, Eq. (8), was invariant with skin
friction, as it was derived. Since the term containing Cj is
negligible in Eq. (14), only Eq. (13) needed to be modified to
include skin friction. The corrected Eq. (13) had the term
—3Cs/A, added to the right-hand side.

In a further attempt to increase the accuracy of the integral
method, the assumed velocity profiles used in the integrals in
Eq. (8) were replaced by the experimental velocity profiles,
which were integrated numerically. This correction was made
because of the slight mismatch between the assumed and ex-
perimental velocity profiles (Fig. 10). When the velocity pro-
file was integrated from the wall to the point of peak shear
stress, the mismatch would cause the greatest error in the
integral. The difference in peak values was significant. Since
the velocity profiles for the highly curved wall jet was slightly
fuller than the straight jet (Fig. 3), those velocity profiles
matched the assumed profile, and the correction did not have
a large effect.

The corrections were applied to the shear stress computa-
tion, and it was found that a value of C; = 0.013 provided the
best match to the experimental results. The corrected peak
shear stress is shown in Fig. 12 for the straight annular model.
Experimental results are also shown.

For the curved jets, the skin friction has been found to vary
with streamwise curvature’ by the relationship

Cy = Cy(1+2b/R) (20)

where Cy, is the value for a straight wall. Choosing the value
of C;, which provided a match at the furthest upstream point,
produced the curves shown in Figs. 13 and 14 for the mildly
and highly curved jets. For the mildly curved wall jet, the use
of the experimental velocity profiles reproduced the drop in
shear stress at x/# = 180 seen in the data. Although the skin-
friction coefficient increased with downstream location, the
agreement between theory and experiment deteriorated in the
highly curved wall jet. Apparently, the analysis cannot accu-
rately compute the highly curved flows downstream, possibly
because the streamwise derivatives were no longer negligible as
was assumed in the thin shear layer approximation.

Discussion

The objective of this research was to investigate experimen-
tally the turbulence properties of a highly curved wall jet, while
avoiding the problems with three-dimensionality faced by pre-
vious researchers. These problems include vorticity created at
the slot ends and difficult machining. An annular wall jet
model was used to approximate a two-dimensional flow with
no end effects. This model was very successful in producing a
uniform flow along the span. Easier machining and an im-
proved contraction geometry were other advantages to this
model.

The peak shear stress measured in the present experiment
was in all cases about 25% lower than the peak shear stress
obtained by previous researchers on rectangular models. Two
possible explanations for this effect were that the transverse
curvature in the flow decreased the shear stress in the annular
jet or that the contraction flow in this particular model was
clean enough to reduce the turbulence levels near the slot. The
transverse curvature explanation seemed unlikely for several
reasons. A test of the effect of transverse curvature was per-
formed by comparing shear stress profiles measured on the
large cylinder radius model and a similar model with a radius
a factor of four smaller. The slot height and thus jet half-width
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Fig. 14 Comparison of annular and two-dimensional shear stress in
highly curved wall jets.

were the same with the two models, but the transverse curva-
ture was four times greater on the small cylinder model. Mea-
surements of the shear stress showed no difference in the pro-
files between the large- and small-radius models. This would
indicate that the transverse curvature would have no effect on
the shear stress for a straight wall jet. A vortex stretching
hypothesis for diverging flows also does not explain a reduc-
tion in shear stress. This hypothesis states that, for flows with
transverse divergence, vortices with their axes in the transverse
direction will get stretched as angular momentum is conserved,
and the shear stress will thus increase. This theory has been
supported by a limited number of experiments on transversely
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diverging flows. The main effect of transverse curvature on the
straight wall jet is to cause the outer portions of the jet to
diverge, thus having the opposite effect on the shear stress than
was observed experimentally.

The effect of transverse convergence or divergence caused
by the change in annular radius with downstream distance was
studied using the integral method analysis. A major portion of
this work was devoted to finding the limits of validity of the
approximation of two-dimensional flow with an annular
model.

From Fig. 11, it would seem that an annular straight wall jet
could simulate the mean flow development of a two-dimen-
sional straight wall jet to high accuracy. However, annular
wall jets with streamwise curvature agreed with their two-di-
mensional counterparts only in the upstream portions of the
flow, presumably because transverse curvature effects on the
jet became too large far downstream. Two parameters that
represent transverse curvature have been identified as b /r, and
dro/dx. If one of these terms becomes large, transverse curva-
ture will no longer be negligible in the flow. Figure 15 plots
computed values of these two terms for a range of annular
model geometries. The annular radius at the slot was held
constant at 316 slot heights, and the streamwise radius of
curvature was varied between 20-1000 slot heights. For each
geometry, the mean flow quantities b(x)/h and sz/ UZ%(x)
determined by the two-dimensional and annular calculations
were compared. The downstream positions where the mean
flow agreement was within 5 and 10% was noted on each
curve, Subsequently, these points were joined, thus defining
boundaries of agreement between two-dimensional and annu-
lar flows. The vertical axis in the figure represents the straight
wall case, since dry/dx would be equal to zero. This line falls
entirely within the good agreement region. Mildly curved ge-
ometries achieve high values of b/ro and low values of dry/dx.
The opposite is true for highly curved geometries. The compu-
tation for the highly curved geometries was halted when the
angular distance along the wall reached 90 deg, and so for
extremely high curvatures, this entire flow region would fall
into the good agreement portion of the figure. It would be
expected that if the transverse radius were increased relative to
the slot height, even models with larger streamwise radii of
curvature would be able to maintain good mean flow agree-
ment throughout 90 deg of arc.

Further examination of the boundaries of agreement re-
vealed that the product of the two terms b/ry and dry/dx was
approximately constant along those boundaries. Therefore,
these regions could be described functionally as ‘

- % % <0.016 good agreement
0.016< — 2 % <0.032 moderate agreement
o dx
0.032< — % 3—;— poor agreement

These relations could be used to aid in the design of future
annular models, so that regions where two-dimensional flow
was satisfactorily approximated could be maximized. For the
models used in the present investigation, good agreement oc-
curred over the entire flowfield of the straight wall jet, over the
first 90 slot heights of the mildly curved wall jet, and over 26
slot heights of the highly curved wall jet.

The integral momentum analysis also was used to compare
the computed shear stresses of the two-dimensional and annu-
lar flows. Figures 12-14 show this comparison for the three
models. The velocity profiles also were corrected for the annu-
lar calculations, although not for the two-dimensional calcula-
tions. For the straight wall jet (Fig. 12), the shear stress was
self-similar in both computations. There was a slight differ-
ence in magnitude, which was entirely accounted for by the
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velocity profile correction made in one computation and not in
the other. If the annular calculation were made without the
velocity profile correction, it would overlay the two-dimen-
sional calculation exactly.

A divergence between the two curves was seen in the curved
wall jet cases (Figs. 13 and 14). In each case, the annular
computation predicted a higher growth of the peak shear stress
than the two-dimensional computation. However, the experi-
mental results did not confirm this result. Since higher stream-
wise gradients exist in curved wall jets than in straight jets, the
thin shear layer approximations made in the analysis may not
be valid in the downstream portions of the flow. However, the
shear stress results did confirm the regions of agreement found
from the mean flow.

Curved wall jets over logarithmic spirals (R is proportional
to x) have been shown to be self-similar, and the noramlized
shear stress results collapse to the same curve, since b/R is a
constant at all downstream locations.® This raises the possibil-
ity that turbulence results on circular arc models also may
collapse to the same curve if plotted against b/R rather than
x/h. It was suggested in Ref. 7 that this was true, and with
measurements on circular arcs over a wide range of #/R,
including concave surfaces, the following empirical relation
was found:

(20" /U2 Ymax = 0.012(1 + 5.8b/R) @n

This relationship has been compared to the turbulence results
found from other researchers investigating circular arc wall
jets in Fig. 16. It was seen that, although one or two re-
searchers may find a collapse among data taken on the same
experimental rig, there was no agreement between separate
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experiments. In Ref. 2, there was no collapse between the two
flows at different Reynolds numbers. In the present investiga-
tion, the amount of scatter in the curves and the drop in shear
stress far downstream in the mildly curved model allowed
some leeway in putting a line through the data, and it appeared
that a collapse of some sort was possible. Kobayashi and Fu-
jisawa’ provided the most evidence for a collapse, but their
measurements did not agree with anyone else’s results. Given
the uncertainties present in most of these experiments due to
three-dimensionality, it was still inconclusive whether the tur-
bulent shear stress in wall jets over circular arcs would collapse
to a single curve when plotted against »/R or whether other
parameters such as the Reynolds number need to be accounted
for as well.

Conclusions and Recommendations

An annular wall jet model was chosen in order to achieve a
high-quality flow that was free of spanwise nonuniformities.
The annular wall jet experiment has been successfully per-
formed with a straight wall, a mildly curved wall, and a highly
curved wall. The effects of streamwise curvature on the flow-
field, such as the increased growth rate and the increase in the
peak shear stress, have been demonstrated.

The integral momentum analysis was able to predict the
effects of streamwise curvature on the mean flow in both
two-dimensional and annular wall jets. The shear stress in the
straight wall jet was also predicted, as long as the appropriate
skin friction and velocity profiles were used.

Both the annular model concept and the integral momentum
technique have been validated and may be used as test cases for
higher-order computational schemes. Recommendations for
future work include using the criterion developed for the re-
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gions of agreement between annular and two-dimensional flow
to design future annular models.
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